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DEGENERATIONS 
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Abstract. We derive explicit dimension formulas for irreducible A^F-spherical /(^-re- 
presentations where /Cf is the maximal compact subgroup of the general linear group 
GLd(F) over a local field F and Mv is a closed subgroup of /Cf such that /Cf/A^f re- 
alizes the Grassmannian of n-dimensional F-subspaces of ¥ d . We explore the fact that 
(/Cp, Mw) is a Gelfand pair whose associated zonal spherical functions identify with vari- 
ous degenerations of the multivariable little g-Jacobi polynomials. As a result, we are led 
to consider generalized dimensions defined in terms of evaluations and quadratic norms 
of multivariable little q-Jacobi polynomials, which interpolate between the various classi- 
cal dimensions. The generalized dimensions themselves are shown to have representation 
theoretic interpretations as the quantum dimensions of irreducible spherical quantum rep- 
resentations associated to quantum complex Grassmannians. 



1. Introduction 

Let F be a local field and let /Cf be the maximal compact subgroup of GL^(F). That is, 

{0(d) ifF = R, 

XJ(d) ifF = C, 

GLd(0) if F non-Archimedean, 

where in the latter case O denotes the ring of integers of F. Let G(n, d; F) be the Grassman- 
nian of n-dimensional subspaces of a fixed d- dimensional vector space over F. Throughout 
we assume that n < d/2. The group /Cf acts transitively on Q(n,d;¥). Letting M. ¥ be 
a stabilizer of a point we may identify Q(n, d;¥) with K. , ; '.\4 ■. The pair (/Cf,.Mf) is a 
Gelfand pair, in the sense that each (continuous, complex) irreducible /Cp-representation 
has a subspace of Ai^-fixed vectors which is at most one-dimensional. The irreducible 
representations having a one-dimensional subspace of A^p-fixed vectors are called Aiw- 
spherical. In this paper we derive explicit dimension formulas for the irreducible Aif- 
spherical /Cp-representations. 

For all local fields F the equivalence classes of the irreducible AiF-spherical /CF-repre- 
sentations are naturally parameterized by the set A n of partitions of at most n parts 
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(see e.g. [12] and [5] for F Archimedean, and [2] for F non- Archimedean) . This is quite 
remarkable, taking into consideration that the representation theory of /Cf for F non- 
Archimedean is of a completely different nature compared to the representation theory for 
F Archimedean. In each case there is a natural explicit labeling of the irreducible A4w- 
spherical /Cp-representations V^" by partitions A G A n which we shall describe in detail. 

The zonal spherical functions (f\ associated to V® (A G A n ) form a linear basis of the 
Hecke algebra of .Mp-biinvariant representative functions on /Cf- The starting point for 
the derivation of the explicit dimension formulas for the irreducible A^-spherical /Cp- 
representations is the representation theoretic dimension formula 

(<jD ¥ (e)) 2 

M ^W = £»*' AeA " 

where e G /Cf is the unit element and integration is with respect to the normalized Haar 
measure on /Cf- The second key ingredient is the fact that the zonal spherical functions 
for the different local fields F relate to various degenerations of the multivariable little 
g-Jacobi polynomials from (26], see [12], [5] and [23]. As a result, we are led to consider 
generalized dimensions defined in terms of evaluations and quadratic norms of multivariable 
little g-Jacobi polynomials, which interpolate between the various classical dimensions. 

The multivariable little g-Jacobi polynomials P\{z) (A G A n ) are symmetric polynomials 
in n variables z = (zi,...,z n ) depending on four auxiliary parameters, which arise as 
degenerations of the Macdonald-Koornwinder polynomials [T5]. They form an orthogonal 
system with respect to an explicit discrete probability orthogonality measure defined in 
terms of an iterated Jackson integral (see [26]), which induces a norm || ■ ||^ on the symmetric 
polynomials in z. The generalized dimensions referred to in the previous paragraph are 

(1-3) d(X) = -r^rL, A G A n , 

IK A \\L 

compare with the representation theoretic dimension formula (11.21) . 

We show that the dimension of can be obtained as a classical (g = 1) degener- 
ation of d(X) for F Archimedean, and as a p-adic (q = 0) degeneration of d(X) for F 
non- Archimedean. For special values of the four auxiliary parameters of the multivari- 
able little g-Jacobi polynomials we show that the generalized dimensions d(X) (A G A n ) 
themselves have a representation theoretic interpretation as the quantum dimensions of 
irreducible spherical quantum representations associated to the one-parameter family of 
quantum complex Grassmannians from [20] and [5]. In this case the key ingredient is 
the identification in [20J and [5] of the associated quantum zonal spherical functions with 
Macdonald-Koornwinder polynomials, as well as with degenerations of the Macdonald- 
Koornwinder polynomials known as multivariable big and little g-Jacobi polynomials. 

Cherednik's double affine Hecke algebra techniques have led to explicit evaluation for- 
mulas and to explicit quadratic norm evaluations for the Macdonald-Koornwinder poly- 
nomials in [21] (see also [3] and [28]). The quadratic norms ||-Pa||| of the multivariable 
little g-Jacobi polynomials (as well as for multivariable big g-Jacobi polynomials) have 
been explicitly evaluated in [27] by degenerating the quadratic norm evaluations of the 
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Macdonald-Koornwinder polynomials. In exactly the same way we derive in this paper 
evaluation formulas for the multivariable big and little g- Jacobi polynomials. This leads to 
explicit expressions for the interpolating, generalized dimensions d(X) (A G A n ). Explicit 
(quantum) dimension formulas for the irreducible spherical (quantum) representations as- 
sociated to the various (quantum) Grassmannians are subsequently derived by degenerating 
the explicit expression for d(A) (A G A n ). 

The contents of the paper is as follows. In Section [2] we introduce the multivariable little 
q- Jacobi polynomials and the associated generalized dimensions. In Section [3] we discuss 
the representation theory of general Compact Quantum Group (CQG) algebras from [I] 
and [7J. CQG algebras form the natural setting to capture the harmonic analytic structures 
of the various (quantum) Grassmannians under consideration in this paper. 

In Section H] we specialize the general representation theoretic setup from Section [3] 
to the classical CQG algebra of representative functions on the compact group /Cf- We 
discuss the harmonic analytic implications for the associated Grassmannian /Cf/A^f- We 
pay close attention to the specific parametrization of the irreducible A^F-spherical /Cf- 
representations by A n . We state the explicit dimension formulas, which are new in case 
of non- Archimedean local fields F (see Theorem 14.51) . Although the results are essentially 
classical for Archimedean local fields F (see e.g. [12], [5], [30] and [23]), we have decided 
to give a detailed exposition in case of F = C in order to highlight the similarities and 
differences to the results for the Grassmannians over non-Archimedean local fields F, as 
well as to the results for the quantum complex Grassmannians in the subsequent sections. 

In Section [5] we specialize the setup from Section [3] to the CQG algebra of quantized 
representative functions on /Cc = U(n), and we discuss the associated harmonic analysis 
on the standard quantum complex Grassmannian. In particular, we state explicit quantum 
dimension formulas for the associated irreducible spherical quantum representations. 

In Section [6] we introduce the Macdonald-Koornwinder polynomials and the multivari- 
able big and little q- Jacobi polynomials. We derive explicit evaluation formulas for the 
multivariable big and little q- Jacobi polynomials. Subsequently we derive in Section [7J 
explicit expressions for the generalized dimensions as well as for their p-adic (q = 0) de- 
generations. 

In Section [8] we discuss the present approach for the one-parameter family of quantum 
complex Grassmannians from [20] and [5]. Following closely the analysis of Noumi [19] 
for other examples of quantum symmetric spaces, we express the quantum dimensions 
of the associated irreducible spherical quantum representations in terms of evaluations 
and quadratic norms of Macdonald-Koornwinder polynomials, as well as of multivariable 
big and little q- Jacobi polynomials. In particular, we obtain the representation theoretic 
interpretation of the generalized dimensions for special parameters as quantum dimensions 
of irreducible spherical quantum representations. In this context we remark that a similar 
approach can be followed for quantum real Grassmannians using the harmonic analytic 
results from [30] and [T7J, but we do not pursue it in this paper. 
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Notations and conventions. Representations of topological groups are complex and are 
required to be continuous. We set 

(1.4) E = C(a, b, c, d, q, t) 

for the field of rational functions in six indeterminates a, b, c, d, q and t. We set A n for the 
partitions of at most n parts. It is the cone 

n 

A n = (J) Z + u r 

r=l 

in Z n , where uj t = (l r , ra_r ) G A n is the fundamental partition consisting of r ones and 
n — r zeros. We write uj = (CP) G A n for the zero partition. For a partition A G A n we 
denote A' for the conjugate partition and we set Aq = n. In addition we write |A| for the 
weight of A, /(A) = \[ for the length of A, and dX' = (X'j — Xj + i)j>o for the positive integral 
differences of the conjugate partition (whose sum equals n). For n- vectors u,v,w we set 
uv w = (mvf 1 , . . . ,u n v™ n ). We occasionally use this notation when u or v are scalars, in 
which we use the corresponding n-vectors having all entries equal to the given scalar. We 
recall some standard notations from basic hypergeometric series (see e.g. [S]). For j G Z + 
we set (a; q) . = (1 — a)(l — aq) • • • (1 — ag J ' _1 ) (empty product is one) for the g-shifted 

factorial. We write [ai, . . . , a m ; q) . = YlT=i ( a «' Q) ■ f° r products of g-shifted factorials. For 
m, I, li, . . . , l). G Z + with / < m, we use the notations 



1 - q m 

[m] = , \m 

1-q 



•i- - Yl\j]q, 



m 

h h ■ ■ ■ h 



[m\ q \ /m x 





i=i 




m 


).- 


I m — I 



In terms of g-shifted factorials, the g-factorial can be expressed as 

im(m-l) )M ^ll 

We use standard notations for the basic hypergeometric series r +i0 r , see e.g. [8]. 



: L5 ) [m) q \ = q^ 



2. MULTIVARIABLE LITTLE g-jACOBI POLYNOMIALS 

Important in our approach is the fact that (quantum) dimensions of irreducible spher- 
ical representations associated to quantum, real/complex and p-adic Grassmannians are 
degenerations of a generalized dimension formula involving multivariable little g-Jacobi 
polynomials, which we now introduce. We work over the field E (see (11.41) ). although in 
the present situation c and d are dummy parameters and could just as well be omitted (in 
contrast to the Macdonald-Koornwinder and multivariable big g-Jacobi case as treated in 
Section [6]). 

The symmetric group S n in n letters acts on Z™ by permuting the coordinates. The 
corresponding fundamental domain is the cone A n of partitions with at most n parts. The 
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symmetric group S n acts on K[z] = E[zi, . . . ,z n ) by permuting the independent variables 
Zi, . . . ,z n . We denote E[z] for the subalgebra of 5* n -invariant polynomials in K[z]. An 
E-basis of ~E[z] s is formed by the symmetric monomials fh\(z) = Ylu,es n x z ^ £ A n ). The 
monic multivariable little g-Jacobi polynomial P\{z) = P\{z; a,b; q,t) G ~E[z] s of degree 
A G A n from [26J is of the form 

(2.1) P^(z) = m x {z) + 4™^) 

Ai£A n :/i<A 

for certain coefficients c\ {1 = c% (a,b;q, t) G E. The multivariable little g-Jacobi polyno- 
mials can be characterized as solution of a second-order difference equation, or in terms 
of orthogonality relations defined with respect to an explicit discrete probability orthogo- 
nality measure. The characterization in terms of the difference equation is as follows. For 
j — 1, . . . , n we write Tj for the multiplicative g-shift in Zj, 

( T jf)( z ) = f( z u ■ ■ , Zj-u qZj, Zj+i, ■■-,z n ), f e E^ 1 ]. 
The characterizing difference equation then reads D^P^ = r P£ where 



3=1 

and with eigenvalue 



^ = X>£,(*X t j - Id ) + ^M)(Ti l - id)) 

z) = q t^a( b - J-) n = a - 1 ) n 



E q x J = Y(qabt 2n - j -\q X i - 1) + i?-\q- x i - 1)). 

3=1 

An algebraic formulation of the orthogonality relations of the multivariable little g-Jacobi 
polynomials is as follows. Define an E-linear functional 



h L = hf ' q ' 1 : E[z} s —> E 



by requiring 

h L (P x L ) 



if A = 0, 
if A + 0. 



Define a form (-, -)l — (•, ■) a £ b,q,t on Efz] 5, by 



(2.2) (j) 1 ,p 2 ) L = h L (p 1 (z)p 2 (z)), Pl ,p2eE[z] 



where p(z) p(z) stands for the anti-linear algebra involution on K[z] which extends 
complex conjugation on C by requiring that the parameters a, b, c, d, q, t and the variables 
Zj to be formally real, e.g. a = a and z~] = Zj. The orthogonality relations now take the 
form 

(2.3) (P A L ,P M L ) L = iVL(A)5 A , M , A, ^ G A n 
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for suitable explicit quadratic norms N L (X) = N L (X; a,b; q,t) G E, which are recalled in 
Subsection 16.21 
The expressions 

2.4 D q (X;a,b;t) = \ — — G E, A G A n 

play a crucial role in the sequel. Note that D q (X; a, b; t) is the generalized dimension d(X) 
from the introduction (see (11.31) ). up to a slight reparametrization of the four auxiliary 
parameters a, b, q and t (which we justify in a moment). 

We show that specializations of the parameters (a,b,t) in D q (X) give the quantum di- 
mensions of spherical irreducible representations associated to quantum complex Grass- 
mannians. In addition we show that suitable degenerations in (a, b, q, t) lead to the dimen- 
sions of spherical irreducible representations associated to complex/real Grassmannians 
(in which case the four parameters degenerate to one, but with different exponents), and 
to dimensions of spherical irreducible representations associated to Grassmannians over 
non-Archimedean local fields (in which case q degenerates to zero while the remaining 
three parameters (a, b, t) are specialized to g-independent values which are explicitly given 
in terms of the cardinality of the residue field). The latter case thus does not involve 
degenerating the parameters (a, b, t) , which is the reason to use the multivariable little q- 
Jacobi polynomials with parameters {q~ l a, q~ l b, t) in the definition (12. 4p of the generalized 
dimensions. 

We derive evaluation formulas for in Section^ which thus lead to explicit evaluations 
of D q (X) = D q (X; a,b;t) and to explicit evaluations of the (quantum) dimensions for the 
irreducible spherical irreducible representations associated to different types of (quantum) 
Grassmannians. 



3. CQG ALGEBRAS AND QUANTUM DIMENSIONS 

The category of Compact Quantum Group algebras (CQG ) is a full subcategory of the 
category of Hopf *-algebras that includes the standard noncommutative deformations of 
algebras of representative functions on compact Lie groups. In particular, CQG algebras 
are Hopf *-algebras with positive definite Haar functionals which have natural analogs of 
the Peter- Weyl decomposition and the Schur orthogonality relations. This leads to the 
notion of the quantum dimension of an irreducible, finite dimensional comodule over a 
given CQG algebra. One of the main aims of the paper is to explicitly compute quantum 
dimensions of irreducible comodules which arise in the context of (quantum) Grassmanni- 
ans. Following [4], we recall in this section the definition of a CQG algebra and its basic 
properties. We furthermore discuss the notion of a quantum Gelfand pair in the context 
of CQG algebras (cf. [7]), and the associated quantum zonal spherical functions. 

Let A be a Hopf *-algebra with comultiplication A, counit e and antipode S. A linear 
functional h : A —>■ C is called a normalized Haar functional if h(l) = 1 and 



(h ® ld A ) (A(a)) = h(a)l A = (ld A ® h) (A(a)) , a G A. 
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A Haar functional h on A is called positive definite if h(a*a) > for all ^ a £ A. 
There are different equivalent definitions of Dijkhuizen's and Koornwinder's [I] notion of 
a CQG algebra, the following is a convenient starting point for our purposes. 

Definition 3.1. We call the Hopf * -algebra A a Compact Quantum Group (CQG) algebra 
if there exists a positive definite Haar functional on A. 

The positive definite Haar functional on a CQG algebra A is unique. Several concrete 
examples of CQG algebras (such as the algebra of representative functions on a compact 
group, the basic commutative example) will be discussed in detail in the following two 
sections. 

Let A be a CQG algebra with normalized, positive definite Haar functional h. The fol- 
lowing results are all from |4j. Any finite-dimensional right A-comodule is unitarizable, 
hence completely reducible. We denote £ for the set of equivalence classes of finite di- 
mensional, (unitary) irreducible right A-comodules. For a £ S let 7t a : L a — > L a <g> A 
be a representative of the corresponding irreducible, finite dimensional A-comodule. Let 
7r* : L* — > L* eg) A be the corresponding dual right A-comodule, defined by requiring 

«(</>)) (v <g> I A ) = ((j)®S) (ir a (v)), veL a , £ L*, 

where 1^ denotes the unit element of A. Then {L* <g> L a | a £ £} is a complete set of 
representatives of the irreducible, finite dimensional A <S> A-comodules. 
Consider A as a right A eg) A-comodule by 

-R(a) = a (2) ® ® 0(3), a e A, 

(a) 

where we use the standard Sweedler notation for (iterated) applications of the comultipli- 
cation. The first key property of CQG algebras is the irreducible decomposition 

of A as right A ® A-comodule (the Peter- Weyl Theorem for CQG algebras). Concretely, 
the isomorphism is realized by mapping <g> v £ L* a (g) L Q to (0 <8> Id > i)(7r a (i;)) £ A. We 
denote for the Hilbert space completion of A with respect to the pre-Hilbert structure 

(a, 6) ft := h(b*a). 

Let (7r, V) be a finite dimensional, irreducible, right A-comodule. Consider the canonical 
linear isomorphism (p : V —>■ V** defined by ip(v)f := f(v) for / £ V* and v £ V. We turn 
V into a finite dimensional Hilbert space such that (71*, V) is a unitary right A-comodule 
(such scalar product is unique up to a strictly positive scalar multiple). Since the double- 
dual right A-comodule (n**,V**) is equivalent to (ir, V), there exists a unique positive 
definite, linear isomorphism F = Fy : V — > V such that 

Tr y (F) = Tr^F- 1 ) > 

and such that tp o F : (ir, V) — ► (71"**, V**) is an intertwiner of right A-comodules (see [H 
Prop. 3.6]). 
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Definition 3.2. Let A be a CQG algebra, (ir, V) a finite dimensional, irreducible right 
A-comodule and F : V — > V the linear isomorphism as defined above. Then 

Dim A (V) := Tr y (F) 

is called the quantum dimension of the right A-comodule (tt,V). 

A second key property of CQG algebras is the generalized Schur orthogonality relations 
[H Prop. 3.4 & 3.5], which we now proceed to recall. 

Proposition 3.3. Let A be a CQG algebra. Let (tc, V) and (jr 1 , V) be finite dimensional, 
irreducible, unitary right A-comodules with associated scalar products (-, -) n and (-, •)„./. 

(a) If it n', then 

((n(u),v) 7T ,(n'(u , ),v , ) w ,) h = 

for u,v EV and u', v' G V . 

(b) For ui, u 2 , Vx, v 2 G V we have 

n , n \ i t \ \ \ (ui,u 2 ) 7r (Fy 1 v 2 ,v 1 ) n 
{(ir{ux),v x ) v , {ir(u2),V2) v ) h = Bim A (V) ' 

Let A be a CQG algebra. A quantum subgroup of A is a pair (B,p) with B a Hopf 
*-algebra and p : A —>■ B a surjective Hopf *-algebra homomorphism. In this situation, we 
write 

A B = {a G A \ (ld A 0p)(A(a)) = a® 1 B } 

for the *-subalgebra of right S-invariant elements in A. The *-subalgebra A B C A is a 
right A-comodule under the right regular co-action 

Pb{o) = ^ Q(2) ® S(ari)), a e A B . 

(a) 

By the Peter- Weyl Theorem for A, the right A-comodule A B decomposes into irreducibles 

as 

(3.i) A B ~0L; Dim ^), 

where for a right A-comodule (tt, V), 

V B = {v G V \ (1 ®p)(tt(t;)) = l B } 
is the space of S-invariant elements in V. 

Definition 3.4. A CQG algebra A with quantum subgroup (B,p) is called a quantum 
Gelfand pair if 

Dim c (Lf ) < 1 Va G X, 

{compare with [7]). 
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We fix a quantum Gelfand pair (A, B). We call a finite dimensional, irreducible A- 
comodule 5-spherical if it has nonzero B- invariant vectors. We denote Eg C E for the 
corresponding subset of equivalence classes of the B-spherical, irreducible, finite dimen- 
sional right A-comodules. 

In the various examples associated to (quantum) Grassmannians which we discuss in 
the following sections, we will identify E# with a certain fixed set of partitions. An im- 
portant, but case- by-case different, aspect is the concrete characterization of the spherical 
irreducibles in terms of their parameterizing set E_b. To maintain uniform notations as 
much as possible, it will therefore be convenient to denote irreducible comodules labeled 
by S B by new symbols {V a \ a G T> B }. 

We write (•, -) a for a scalar product on V a that turns V a into a unitary right A-comodule. 
Note that is invariant under o, were o is the involution on £ such that V* ~ V a ° for 
all a G S. In fact, if we fix a nonzero vector v a G V£ (a G £b), then (■,v a ) a G V* B . 
Combined with (13. II) . we obtain the multiplicity free irreducible decomposition 

(3.2) A B = V a 

as right A-comodules. 

From the present perspective, the natural definition of the quantum zonal spherical 
functions would be 

$ a = (7r a (v a ),v a ) a , VaGS B , 

since they form a C-basis of the *-algebra 

B A B = {aeA \ (ld A ® p®p)R(a) = a® l B <g> 1 B } 

of £>-biinvariant elements in A. It turns out though that the following slightly modified 
definition of the quantum zonal spherical functions is a better choice. 

Definition 3.5. The quantum zonal spherical functions associated to the quantum Gelfand 
pair (A, B) are defined by 

i 

<fa = (Tfa{Va), Fy a V a ) a G A, V« G S B , 

1 

where 7^ v a G V B and Fy a is the square root of the positive definite linear operator Fy a 
on V a . 

Note that the quantum zonal spherical function (p a (a 6 Eg) is uniquely determined up 
to nonzero scalar multiples. The square root of the positive definite operator Fy a naturally 
appears in the definition of quantum zonal spherical functions on quantum homogeneous 
spaces using Noumi's [19] two-sided coideal approach. It is this approach, and its gener- 
alization in terms of coideal algebras by Letzter (see p2] and references therein), which 
has led to the identification of Macdonald polynomials as radial parts of quantum zonal 
spherical functions, see also Section [8] for the quantum complex Grassmannian. 

It now follows from the preceding discussions that we have the following expression for 
the quantum dimension of V a in terms of the associated quantum zonal spherical function 
(fa and the associated 5-invariant vector v a G V B . 
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Proposition 3.6. Let (A,B) be a quantum G elf and pair. For a G Sb we have 



Dinu(V a ) 



\v II 4 

\ u a\\a 
\<Pa\\h 



Proof. This follows directly using the definition of <p a and the generalized Schur orthogo- 
nality relations (Proposition [XSb)- n 

4. Grassmannians over local fields 

In this section we specialize the general theory of the previous section to the classical 
examples arising from Grassmannians over local fields. 

4.1. The Grassmann representation over local fields. Consider the commutative 
CQG algebra A = C(AC) of representative functions on a compact topological group AC. 
The Hopf *-algebra structures are given by 



A(f)(g,g') = f(gg'), e(f) = /(e), S(f)(g) = fig' 1 ), /*(<?) = f(g), 

where g, g' G AC, f G C(AC), e G AC is the unit element of AC, and where we have used the 
natural identification C(/C) <S> C(AC) ~ C(AC x AC) by the multiplication map. The positive 
definite normalized Haar functional h is 



h(f) = [ f(g)dg, f G C(/C), 



where dg is the normalized Haar measure on AC. Observe that C(/C)/ l = L 2 ()C,dg) and 
£ ~ AC, the unitary dual of the compact group AC, since there is a natural one-to-one 
correspondence between finite-dimensional right (C(AC)-comodules and finite dimensional AC- 
representations preserving notions as irreducibility, equivalence and unitarity. Concretely, 
for a given right C(AC)-comodule n : V —* V ® C(AC) we define a left AC-action on V by 

gv = (idy (g) ev g )ir(v), g G AC, d G V, 

where ev g : C(AC) — > C is the evaluation map ev g (/) = /(p). Under this correspondence, 
the dual representation of a finite dimensional AC- representation (n, V) becomes 

Clearly the isomorphism n** ~ 7r for a finite dimensional AC-representation (7r, V) is realized 
by F = Id, hence the quantum dimension Dinwje) (V) is t ne complex dimension Dimc(V) 
of the representation space V. We now define one of our main object of study. 

Definition 4.1. Let n,d G N with n < d/2. The Grassmannian Q(n,d;¥) over the local 
field ¥ is the set of n- dimensional F-subspaces in ¥ d . 

Consider the maximal compact subgroup ACp of GL^(F), see (jl.ip . Note that ACf acts 
transitively on Q(n, d;¥), e.g. by the Iwasawa decomposition in GL^(F). The subgroup of 
ACf stabilizing {0}°'-™ x ¥ n G Q(n, d; ¥) is denoted by M ¥ , so that 

Q(n, d] F) ~ ACp/ A4w 



QUANTUM DIMENSIONS AND THEIR NON-ARCHIMEDEAN DEGENERATIONS 



11 



as transitive /Cp-space. The pair (/Cf, A^f) is a Gelfand pair in the usual sense of topo- 
logical groups. This is well known for the Archimedean fields E and C, see [12] and [5] 
and the references therein. For non- Archimedean fields we refer to [2J. Consequently, 
(A, B) = (C(/Cf), C(.Mf)) is a quantum Gelfand pair in the sense of CQG algebras, where 
the surjective Hopf *-homomorphism p : C(/Cp) —* C(A'If) is the canonical restriction 
map p(f) = /\m v - The parametrizing set Scot) of the finite dimensional, irreducible 
C(A^F)-spherical right C(/CF)-comodules is in bijection with (JCw/AdvY, the unitary spher- 
ical dual of /Cf with respect to the subgroup A4 ¥ - The corresponding right C(/CF)-comodule 
C(/Cf)c(x f ); viewed as /Cp-representation, now identifies with the Grassmann representa- 
tion 

C{g(n,d;¥)) := {/ G C(/C F ) | f(gh) = f(g), Vg G /C F , VA G M ¥ }, 
considered as left /Cf-module by the regular action 

(gf)(g') = Kg-'g'), f e C(f?(M;F)), g,g'e)C ¥ . 

In this setting we take (71^, V®) (a G (/Cf/A^fD to be a complete set of representatives 
of the irreducible A^f- spherical /Cp-representations. Then 

(4.1) C(^(n,d;F))~ 

ae(IC v /M v y 

is the multiplicity-free decomposition of C((/(n, d;F)) in irreducible /Cp-representations, 
cf. (13.21) . For a G (K ¥ /A4 ¥ y we choose a scalar product (•, -) Q on V® turning 7r^ into a 
unitary /Cp-representation, and we choose a nonzero A^F-fixed vector G V^f. Using again 
the identification of finite dimensional right C(/CF)-comodules with finite dimensional /C - 
representations, the quantum zonal spherical functions associated to the quantum Gelfand 
pair (C(/Cf), C(A / 1f)) ar e the usual zonal spherical functions 

</?«(<?) = (^l(g)vl,vl) a , g G /Cf, a G {K w /MwY 

associated to the Gelfand pair (/Cf, A^f)- The dimension formula (see Proposition 13.61) now 
becomes 

where e is the unit element of /Cp. 

4.2. Irreducible constituents and dimension formulas: the Archimedean case. 

The harmonic analysis corresponding to the complex and real Grassmannian is classical 
by now. It relates to special cases of harmonic analysis on compact symmetric spaces. To 
emphasize the similarities with the non- Archimedean case and the quantum case, we now 
shortly describe the relevant results for the complex Grassmannian Q (n, d; C) , following 
closely the presentation in [51 Section 2]. For the real case, we refer to [12] and especially 
to [30] (the presentation in [30] is very close to the (quantum) complex case as discussed 
in this paper). 
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To avoid confusion with standard notations for the complexification of a compact Lie 
group, we write 

(4.3) (/C,M) = (U(d),U((i-n)xU(n)) 

for the Gelfand pair (/Cf,.Mf) when F = C. The irreducible /C-representations are 
parametrized by the cone 

(4.4) P+ = {(j, G Z d | m > fi 2 > ■ ■ ■ > n d } C Z d , 

by associating to /x E P d the K- representation of highest weight /x G P^~. The Weyl 
character formula states that the restriction of the character of (/i G P^ ) to the compact 
d-torus of diagonal matrices diag(iti, . . . , Ud) in U(d) is the Schur function 

s> 1; . . . , ud) = A(u)- 1 £ (-i)'(«) u ™0*f«) (/i e p+), 

where A(w) = Yli<i<j<d( u i ~ u i) ls ^ ne Vandermonde determinant, l(w) is the length of 
w G S n , and = (d — 1, d — 2, . . . , 0) G P^ is the staircase partition. The dimension of 
being the evaluation of its character at the unit element e G K, thus yields 

(4.5) Dim c (L£) = s,(l), /x G P+ 
The resulting, famous, Weyl dimension formula is 

(4-6) Dim c (^)= J] ( ^'7-6 ~ 5j )^ " G ^' 

l<i<j<d ^ 13/ 

where 

(4.7) 5 = -(d-l,d-3,...,3-d,l-d) 

is the half sum of positive roots in the standard realization of the yLj^-type root system in 
M. d . We note that other explicit dimension formulas are known, mostly with a combinatorial 
flavour. For instance, for /x G P£ with fid > 0, Dime(L^) is the number of standard Young 
tableaux of shape /x. Furthermore, Dimc(I/^) can be explicitly expressed in terms of 
products of hook- lengths of the Young diagram of shape /x (see [IS]). 

We state now a different type of dimension formula for the subclass of spherical ir- 
reducible representations associated to the complex Grassmannian Q(n,d;C) ~ JC/Ai. 
This dimension formula is based on the expression (14.21) of the dimension in terms of the 
corresponding zonal spherical functions. The spherical unitary dual (/Cf/A^f)" naturally 
identifies with the set A n of partitions of length at most n via the embedding 

(4.8) A* = (Ai, A 2 , . . . , A n , 0, . . . , 0, -A nj . . . , -A 2 , -Ai) 

d~2n 

of A n in P^ . Consequently the irreducibles 

V?:=L% (A G A n ) 
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form a complete set of representatives of the irreducible .Mir-spherical /Cp-representations, 
and the Grassmann representation C(G(n, d; C)J has a multiplicity-free decomposition 

C(Q{n,d-Cj) ~ 0yf 

AeAn 

as ATp-module. We write <p A for the zonal spherical function corresponding to the irreducible 
representation (A £ A n ). 

Proposition 4.2. For A 6 A n we /iaue 

'd - 2n + 1 + 2(Aj + \ d f4" f j + Xi + pi 



^w)^n( d -;:r + + ^: ft) )n 

i=i n 7 j=i 



J + Pi 



>< n 

l<j<fc<n 



d - 2n + 1 + Xj + A fc + pj + p k \ 2 f Xj - A fc + pj - p fc 



d - 2n + 1 + p 3 - + p k J V Pj - Pk 
where p = (n — 1, n — 2, . . . , 1, 0) £ A n is i/ie staircase partition. 



The natural proof of the proposition uses the identification of the radial parts of the 
zonal spherical functions (A £ A n ) as BC n -type Heckman-Opdam polynomials with 
appropriate multiplicity parameters (see e.g. [12] and [3 Section 2]). The dimension 
formula (14.21) then yields an expression in terms of evaluations and quadratic norms of 
Heckman-Opdam polynomials, which both have been explicitly evaluated. 

Proposition 14.21 follows also as a direct consequence of the formula 

(4.9) Dim c (\/ A c ) = D q 2 (A; q 2( - d ~ 2n+1 \ q 2 ; q 2 ) \ q=1 , (A £ A n ), 

expressing the dimensions in terms of the classical (q = 1) degeneration of the generalized 
dimension formula D q (X) (see (12 ,4p ). Formula ( 14.91) is a direct consequence of the identifi- 
cation of multivariable little g-Jacobi polynomials with quantum zonal spherical functions 
on the quantum complex Grassmannian, see Subsection 15.31 for details. We note also that 
the classical (q = 1) degeneration of the multivariable little g-Jacobi polynomials have been 
studied in detail in [29J, also in the context of harmonic analysis on (quantum) complex 
Grassmannians (see [5]). 

Remark 4.3. Proposition 14.21 can easily be reconfirmed by specializing the Weyl dimension 
formula AMD to p = A^ (A £ A n ). 

For the real Grassmannian, (/Cr/.Mr)* also naturally identifies with A n , see [12], [23] and 
[30] . The harmonic analytic results from [12] lead to similar explicit dimension formulas 
for the associated irreducible .A/fiR-spherical /CR-representations (_\ g A„). In particular 
the dimensions can also be expressed as classical (q = 1) degenerations of generalized 
dimensions 

(4.10) Dimc(y A R ) = D q2 (X;q d - 2n+ \q;q)\ q=u (A £ A n ), 

which follow as in the complex case from the results in [12] and [29] (see also [231 §2.1.1]). 
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4.3. Irreducible constituents and dimension formulas: the non-Archimedean 
case. In this subsection we fix a non-Archimedean local field F. Let O denote the ring 
of integers and p the maximal ideal. The Grassmann representation C(Q(n,d;¥)j was 
studied in [TT] and later in [TJ [2]. Therein it is shown that the irreducible Alp-spherical 
/Cp-representations are also parameterized by A n . We now proceed to recall the explicit 
construction of the irreducibles. The path to the construction of these representations is 
completely different compared to the Archimedean case. First of all, there is no (highest) 
weight theory, in particular there is no concrete description of the full unitary dual /Cp as 
in the Archimedean case. We thus have to resort to a direct construction of the spherical 
unitary dual (/Cp/A^p)" and the concrete construction of the corresponding representations, 
which has a combinatorial flavor due to the profinite nature of Kw, 

/Cp~hmGL,(0/p fc ). 

The latter identification is realized by the canonical epimorphisms 7T& : /Cp — ► GL<i{0 /$ k ) 
defined by reduction modulo p fc (k G Z>q). Denoting Ik for the kernel of n^, one has (cf. 
0) 

C(g{n,d;¥)) ~\imC(g{n,d;F)) h 

as /Cp-representations, where C(G(n, d; F)) /fc stands for the /Cp-module consisting of the 
/fc-fixed vectors in the Grassmann representation. The structure of the Grassmann repre- 
sentation is completely determined by its so-called level k — 1 components C(Q(n, d;W)) k 
for k G Z >0 . We proceed now to recall the precise structure of these level components. 

The set of partitions A n parametrizes the isomorphism classes of the finite dimensional 
O-modules of rank < n. Concretely, the partition A G A„ corresponds to the isomorphism 
class of the finite (9-module ©™ =1 (9/p A \ The finite O-modules in the isomorphism class 
labeled by A G A„ are called O- modules of type A. Denote C for the partial order on 
partitions defined by inclusion of Young diagrams. Fix a module of type k d = (k, . . . , k) (d 
entries). For any type A C k d let (?(A, k d ; O) be the Grassmannian of its submodules of type 
A. Let C(£(A, k d ; O)) be the vector space of complex valued functions on (?(A, k d ; O). The 
canonical action of K. ■ on (?(A, k d ; O) gives rise to a representation of /C F on C((?(A, k d ; 0)) . 
The finite Grassmann representations relate to the Grassmann representation C(C?(n, d; F)) 
by the identification 

(4.11) C(G(n, d- F)) 4 ~ c(g{k n , k d - O)) 

as /Cp-modules, see [21 Lemma 2.1]. 

The irreducible constituents of the finite Grassmann representation C(g(k n , k d ; O)) have 
been explicitly described in [2] in terms of the so-called cellular basis of the associated 
finite Hecke algebra Endyc F (C((?(/c n , k d ; O)))- It leads to a natural parametrization of the 
irreducible A^p-spherical /Cp-representations by partitions A n , as described in the following 
theorem, which is a direct consequence of (2j Theorem 1]. 
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Denote for partitions A G A n satisfying A C k n . Furthermore, for an irreducible 
/Cp-module V we denote (V : C (£?(//, k d ; O))) for the multiplicity of V in the /Cp-module 

c(g(fM,k d -,o)). 

Theorem 4.4 Q2J). For A G A n there exists a unique irreducible Ai^- spherical K.^ -repre- 
sentation satisfying, for all k G Z >0 such that A e Aj, 

(1) (V\ : C(Q(ji, k d ; 0)))>1 for fi G A k n satisfying AC/j, 

(2) (Vf : C(g(ji, k d ; O))) = for /iGAj satisfying A % M . 

T7ie -representations (A G A n ) /orm a complete set of representatives of the irre- 
ducible Air-spherical /Cf -representations. 

Theorem 14.41 gives the multiplicity free irreducible decomposition 

AeA„ 

as /Cp-modules, as well as the identifications 

(K,w/A4wY — A n — {isomorphism types of O-modules of rank < n} . 
Furthermore, (14. lip and Theorem 14.41 imply 

(4.12) C{g(k n ,k d ;0)) ~0y A F 

AeM 



for k G Z>o as A^-modules, cf. [21 Prop. 2.2]. The following is one of the main results in 
this paper. 



Theorem 4.5. Let t = \0/p\~ l . We have 



(4.13) Dim c (V^)=t 



FA _ j-(d-2n+l)|A|-2(p,A) 



9A' 



(t*-Aj-^+2;t) A , +A , (1-t^+l) 

(t"-^;t) x[ (l-^ 1 ) 



/or A G A n . 

Theorem 14.51 is a direct consequence of the formula 

(4.14) Dim c (V\) = A) (A; t d ~ 2n+1 ,t;t), t= \Ofp\- 1 

from [23J, and the explicit evaluation of Dq(\; a,b;t) derived in Theorem 17.61 Formula 
(I4.14p is obtained in [23] as a consequence of (14. 2p and the identification of the zonal 
spherical function <p^ with a suitable p-adic (q = 0) degeneration of the multivariable little 
g-Jacobi polynomial P£. 

Corollary 4.6. For k G Z >0 we have 

E.-(d-2n+l)|A|-2(p,A) I" 71 1 (t d Al A 2 +2 ; ^)a / 1 +A^ (1 ~ t d ~ 2A i +1 ) _ n ( d _ n )( fc _ 1 ) /fA 
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Proof. Since the desired expression is rational in t, it suffices to prove the identity with the 
formal parameter t~ l specialized to the cardinality of the residue field of a non- Archimedean 
local field F. In this case, the identity immediately follows from (14.121) . (14.111) . (14.131) and 
the easily verified identity (alternatively see e.g. [2j Claim 4.1(1)]) 

(4.15) \g(k n , k d ; 0)| = t -n(d-n)(k-l) f d \ ) t= \ /p\-\ 



n 



□ 



For n = 1, Corollary 14.61 reduces to the trivial geometric sum identity 

1 + ^l- ^ 1 ~ I (1 — ^"^(l - t d ) ,(i-d)m _ M-d)k (1 ~ t d ) 



(4.16) Dim c (Vj) = f^T^'tP = (*) ~ ( *) 



(1-*) (1-*) ^ (1-*) 

We end this subsection by discussing the dimension formula ( 14. 13ft in two cases that 
the dimensions have been computed before by representation theoretic methods. The 
dimension formula ( 14.131) yields for r = 1, . . . , n, 

(t d - r+2 ;t) r (l -t d - 2r+1 ) fd\ ( d 

(M) r (l 

where t = \Ofp\~ 1 . Alternatively, by (Q2j) 

C(£K, l d ; O)) ~ C(Q(u; r ^, l d ; Oj) © V£, 

which implies (14.161) in view of (14.151) . The latter representation theoretic derivation es- 
sentially is the argument from [6]. 

A similar analysis applies for the irreducible representations (k G Z> 2 C Ai) arising 
in the representation C(G(1, d;F)) associated to the projective space P d (F) = Q(l,d;¥), 
see [9] and [231 §4]. In this case, flHS} yields 

Uir MM-* (i-t) _t (i-t) t (1-0 

where t = |(9/p| _1 . This dimension formula can be reconfirmed using (14.151) and the 
decomposition 

C(g(k\ k\ O)) ~ C(0((fc - l) 1 , (A; - l) d ; O)) © V? 
as /Cp-modules, which is a direct consequence of ( 14.121) . 

5. The standard quantum complex Grassmannian 

5.1. The CQG algebra of quantum representative functions on JC. Let U q be the 

quantized universal enveloping algebra of $j[ n (C), where < q < 1. As a unital algebra it 
is generated by the analogs Xj, jji (i = 1, . . . , d — 1) of the standard positive and negative 
simple root vectors of fll n (C) and by the Cartan type elements K^ 1 (J — 1, . . . , d). For the 
defining relations, as well as for the explicit formulas turning U q into a Hopf algebra, we 
refer to [22] . We view U q as a Hopf *-algebra, with ^-structure determined by 

x* = q- l y] K 3 Kj^ y* = qKj x K j+1 x jt (K* 1 )* = Kf\ 
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A finite dimensional ^-representation decomposes in common eigenspaces for the ac- 
tion of the Cartan type generators Kj (j = l,...,d). We call a finite dimensional U q - 
representation V of type one if 

V=@V[v], V[u] = {veV\K jV = ^v (j = l,...,d)}. 

z/GZ d 

We say that a vector ^ v G V[u] has weight v. We define C 9 (/C) to be the Hopf 
*-subalgebra of the Hopf dual of U q spanned by the matrix coefficients of the finite dimen- 
sional ^-representations of type one. The Hopf *-algebra structure on C g (/C) is obtained 
by dualizing the Hopf *-algebra structure of U q , see [22]. In particular, C 9 (/C) inherits a 
^-structure from U q by 

f*(x) = f(s(xy), f g c ? (/c), x g u q , 

where S is the antipode of U q . It is this particular choice of *-structure on C q (JC) that 
reflects the fact that we are considering quantized functions on the compact real form /C 
ofGL d (C). 

As in the classical case, which we discussed in Subsection 14.21 there is a one-to-one 
correspondence between finite dimensional (irreducible) right C g (/C)-comodules and finite 
dimensional (irreducible) ^-representations of type one (see [21]). Concretely, for a finite 
dimensional right C g (/C)-comodule n : V — >• V (g> C 9 (/C), we define the associated W g -action 
on V by 

Xv = (Id®ev x )(n(v)), X G U q , v G V 

where ev^ : C 9 (/C) — > C is the evaluation map ev x (f) = f(X). Under this identification, 
the ^-representation V* dual to V is given by 

(Xf)(v) = f(S(X)v), X G U q , f G V*, v G V. 

The equivalence classes of the finite dimensional, irreducible ^-representations of type one 
are again naturally parameterized by the cone P^ (14.41) . The corresponding irreducible U q - 
representation (fi G P£) is characterized as the irreducible representation with highest 
weight fi. In particular, (/i G P/) has a (unique up to scalar multiples) weight vector 
G L^lp] satisfying 

XiU^ = 0, i = 1, ...,d- 1, 

called a highest weight vector. Under the above mentioned identification of right C q (JC)- 
comodules and left W g -modules, we have the Peter- Weyl decomposition 

(5.1) C 9 (/C)~ Ly®L% 

where <S> v G L q * ® LP is identified with the matrix coefficient <p(-v) G C g (/C), which 
gives the multiplicity free irreducible decomposition as right C q (JC) <S> C g (/C)-comodules 
(see [2TJ). Consequently C g (/C) is a CQG algebra, with the normalized, positive definite 
Haar functional h on C 9 (/C) defined by requiring that it vanishes on the matrix coefficients 
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of the nontrivial irreducible representations (0 ^ /j G ^ follows from the Peter- 

Weyl decomposition that X ~ P^, as for the classical algebra of representative functions 
on JC. The quantum Schur orthogonality relations (Proposition 13.31) for the CQG algebra 
A = C q (K) are well known, see e.g. [23J Section 3.2]. To make the link precise, note that 
the quantum dimension 

Dim q (V) :=Dim Cq{K) (V) 

of a finite dimensional irreducible ^-representation V of type one has the following explicit 
form. 

Lemma 5.1. Let (jr, V) be a finite dimensional irreducible U q -representation of type one. 
Then 

Vim q (V) = Tr v (K 26 -). 

Proof. It is well known and easy to check that 

S 2 (X) = K 2S XK- 2S , VlGW,. 

Consequently, the isomorphism it** ~ 7r as W g -modules is realized by the linear operator 

F = n(K- 25 ) = Ti(K\- d Kl- d ■ ■ ■ K d d - 1 ). 

Turning V into a *-unitary representation, the linear operator F becomes a positive definite 
linear operator on V satisfying Try(F) = Try(F _1 ) (by an easy weight argument). The 
result now follows from the definition of the quantum dimension (Definition 13.21) . □ 

Remark 5.2. The quantized universal enveloping algebra U q is a ribbon algebra. Lemma 
15. II implies that the quantum dimension Dim 9 (\^) of an irreducible, finite dimensional U q - 
module coincides with the natural (topologically motivated) notion of quantum dimension 
for finite dimensional modules over a ribbon algebra, see [T31 Chapter XIV]. 

Since Dimc(L^[z/]) = Dimc(L^[i/]) for all v e Z d , one has 

(5.2) Dim 9 (^) = J2 Dim c (L>])g 2 <^ = s,(q 2S ), » G 

v&Z d 

This implies the following g-analogue of the Weyl dimension formula, 

(5.3) Dim„(L;) = JT )■ 

l<i<j<d V H 7 

see e.g. [25l Lemma 2.5] for a simple proof based on the classical Weyl denominator formula. 
A combinatorial formula for the quantum dimension Dim g (L^) (/i G Pj~) is provided by 
the g-analogue of the hook-length formula, see [18] and [211 Section 3.2] for more details. 
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5.2. The quantum Grassmann representation. In this subsection we discuss the stan- 
dard quantum analog of the complex Grassmannian Q(n, d; C) ~ K/M. and its associated 
quantum Grassmann representation <C q {JC/M). The one-parameter family of quantum 
complex Grassmannians from [20J is discussed separately in Section [HJ 

We define a Gelfand pair (C 9 (/C), C q (M)) of CQG algebras as follows. Write m c ~ 
0ld_ n (C) x gl n (C) for the complexified Lie algebra of M.. We view m c as Lie subalgebra 
of Ql d {C) in the standard way and write 

U q (xn c ) ~ U q (gl d _ n (C)) <g> U q ( d l n (C)) 

for the Hopf *-subalgebra of U q = U g (gl d (C)) generated by Kf 1 (i = l,...,d) and Xj,yj 
(j G {1, . . . , d— 1}\ {d — n}). Let C q (Ai) be the span of the matrix coefficients of the finite 
dimensional irreducible U q (m c ) -represent at ions of type one. Then (C q (Ji4),p) is a quantum 
subgroup of C 9 (/C), with p the surjective Hopf *-algebra morphism p : C q (JC) — > C q (A4) 
defined by p(f) = f\ Uq (nf)- 

Suppose V is a finite dimensional right C g (/C)-comodule. Using the identification of 
right C g (/C)-comodules and left W^-modules, the subspace of C 5 (.M)-invariant elements in 
V coincides with the subspace of U q (m c ) -invariant elements in V, 

yC q (M) = e y | Xv = ^ x)v y X e Wg ( m C)}_ 

In translating the general CQG algebra theory from right C g (/C)-modules to left ^-repre- 
sentations, we shall refer to C g (/C)-spherical representations as W (? (m c )-spherical represen- 
tations. The branching rules for finite dimensional ^-representations of type one, when 
viewed as representations of U q {m c ) C U q , are the same as for the classical Gelfand pair 
{JC,M). Consequently (C q (JC), C q (A4)) is a quantum Gelfand pair, with associated unitary 
spherical dual Tic jm) ~ (JC/ M)~ ~ A n (compare with the classical complex Grassmannian 
of Subsection refcG, e.g. (14.81) ). In particular, the ^-representations 

VZ-.= L%, (A e A n ) 

form a complete set of representatives of the finite dimensional, irreducible W g (m c )-spherical 
^-representations. The right C g (/C)-comodule C q (JC)c q (M) now identifies with the quantum 
Grassmann representation 

C q {K/M) := {/ G C q {JC) I f(XY) = f(X) VI G U q , VF G U q (m c )}, 

viewed as left W 9 -module by the regular W g -action 

{Xf)(X') = f(S(X)X'), f G C q ()C/M), X, X' G lA q . 

It has the multiplicity free decomposition 

C q (JC/M) ~ V« 
aga„ 



in irreducible ^-representations. 
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For A G A n we fix a nonzero W q (m c )-invariant vector v x G V x , and we choose a scalar 
product (•, -)\ on V x which turns V x into a *-unitary U q - representation. The quantum 
zonal spherical functions (p x G C q (JC/M.) (A G A n ) are given by 



<pl{X) = (Xvl,K- s vl) Xi XeU, 



where K ±s is the linear endomorphism of V x satisfying 

K ±5 \ V>] = q ±{5 ' u) ld v>] , VveZ d 

(which is the square root of the positive definite linear operator on V x defined by the action 
of K ±2S on V^). We define for if) G End c (V^), 

in particular ip g x (K 5 ) = \\v x \\ 2 x . The most convenient form of the quantum dimension 
formula (Proposition 13. 61) then reads 

(5.4) Dim,^) = , AGA n . 

5.3. Quantum dimension formulas. The quantum dimensions of the irreducible spher- 
ical Wg-representations V x (A G A n ) have the following explicit closed expressions. 

Proposition 5.3. For A G A n we have 

Djrr) ( V Q\ _ _2(2n-d-l)|A|-4(fcA) TT Si ^ ) d-2n Q )_ 

mm q[ v x )-q A1 _ 2{ ,_ 2 „ +1+2pi)) 

(5 g\ *=1 V ' y /d-2n V 7 

(1 _ q2{d-2n+l+Xj+X k + Pj + Pk )\2H _ q2{Xj-X h + Pj -p k )\2 

X 11 (I _ 2(d-2n+l+p i +p fe )\2('1 _ a 2( Pj -p k )\2 " 

In Section [8] we derive Proposition 15.31 from a generalization of the quantum dimension 
formula ( 15.4ft to the setup of the one-parameter family of quantum complex Grassmanni- 
ans from [20J and [5]. By a suitable degeneration procedure we subsequently deduce the 
quantum dimension formulas 

(5.6) Dim 3 (y/) = D q 2 (A; q 2(d ~ 2n+1 \q 2 ; q 2 ), A G A n 

in terms of evaluations and quadratic norms of multivariable little g-Jacobi polynomials. 
More directly, (15.61) is a direct consequence of the quantum dimension formula (15.41) if 
one uses the fact that the quantum zonal spherical functions ip x (A G A n ) identify with 
multivariable little g-Jacobi polynomials (see [5] and Remark 18. 5ft . 

Remark 5.4. Taking the limit q — > 1 in (15.51) . we obtain the explicit dimension formulas for 
the irreducible .M-spherical /C-representations V x (A G A n ) as stated in Proposition 14.21 
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We end this subsection by discussing the representation theoretic viewpoint on the quan- 
tum dimension formula (15. 5p for A = u r , in which case it yields the explicit expression 

(5.7) Dim ? (^J = ^ - g^-DW-H-D J* ^ 

for r = 1, . . . , n by a straightforward computation. The following representation theoretic 
derivation of (15. 7p bears strong resemblance to the representation theoretic derivation of 
the dimension formula (14.161) in the classical non- Archimedean setup. 

Let {ej}j =1 be the standard orthonormal basis of M d . Let V = L\ x be the d- dimensional 
vector- representation of U q . Its weight spaces are one- dimensional, with weights €j (j = 

1, . . . , d). The irreducible representation Lf lH her (1 < r < n) can be realized as the rth 

graded part A r q (V) of the g-exterior algebra A q (V) of V (see [21]). The weight spaces of 
A q (V) are again one-dimensional, with weights given by ^,- eJ &j for subsets JC {1, . . . , d} 
of cardinality r. Hence 

Dim^VO) = TrwiK"-) = £ Tl^* = ^ ^SS^ 1 

JC{i,...,d} j'GJ ' " /r 

#J=r 

where the third equality follows by an easy induction argument. The dual of A q (V) is 
irreducible of highest weight — td-r+i ••• — £<*• In fact, by [21] we have 

a;(vo* -cdet-^Af^cn 

with Cdet" 1 ~ Li er .._ £d the one-dimensional representation realized by the inverse of the 
quantum determinant det g G C 9 (/C), hence 



(2(r+l). 2\ 



cT 2 



7 (l+r-2d)r ; ^ /rf-r 

We conclude that 

Dim q (U r ) = q 2 ^ d ~ r ) 
where U r is the Wq-module 

U r = A r q (V)®A r q (Vy. 

By [5, (6.14)] we have 

Ur-Ur-t^VX, r = l,...,n 
as U q - modules (with Uq the trivial representation), which now immediately implies (15 .7p . 

6. Evaluation formulas 

In this section we derive evaluation formulas for multivariable little and big q- Jacobi poly- 
nomials by degenerating evaluation formulas for the Macdonald-Koornwinder polynomials 
|15j . Evaluation formulas for Macdonald-Koornwinder polynomials have been obtained in 
[3], [23] and [28]. The evaluation formulas for the multivariable little q- Jacobi polynomials 
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are used in the next section to obtain explicit expressions for the generalized dimensions 
D g (see (12.41) ) and their degenerations. 

6.1. Macdonald-Koornwinder polynomials. Recall our notation E = C(a,b,c,d,q,t) 
for the field of rational functions in six indeterminates a, b, c, d, q and t. Let W = S n x 
{±l} n , acting on Z n by permutations and sign-changes of the coordinates, and acting on 
the algebra E[^ ±1 ] = E[ z^ 1 , . . . , z^ 1 ] by permutations and inversions of the independent 
variables z%. The cone A n C Z n is a fundamental domain for the IV-action on Z n . The 
dominance order on A n is the partial order < defined by A < ji if J2]=i -\j — Yl)=i f° r 
1 < % < n. An E-basis of the algebra E[# ] of VT-invariant Laurent polynomials is given 
by the symmetric monomials m\(z) := Y^uewx z>1 e A n ). 

The monic Macdonald-Koornwinder polynomial P\(z) = P\(z;a,b,c,d;q,t) G Efz 1 * 11 ] 1 ^ 
of degree A G A n is of the form 

(6.1) P\(z) = m\(z) + 2J c\,fi m n( z ) 

for certain coefficients ca, m = C\ tlJi (a, b, c, d; q, t) G E. It can be characterized as solution of a 
particular second-order difference equation, or, for suitably specialized generic parameters 
a,b,c,d,q,t, in terms of suitable orthogonality properties, see Koornwinder [T5|. The 
characterizing difference equation for the Macdonald-Koornwinder polynomial P\(z) of 
degree A is DP\ = E X P\ where 

n 

d = Y^iWFi - Id ) + m*- 1 ) w 1 - 

i=i 

(1 — azj)(l — bzj)(l — czj)(l — dzj) tt (1 — tziZj)(l — tz^Zj) 
= (1 - z])(l - qz]) 11 (1 - z lZj )(l - z-h,) 

and where the eigenvalue E\ G E is given by 

n 

E\ = ^{q- l abcdt 2n - j -\q^ - l)+t j -\q- x > - 1)). 

Note that P\(z; a, b, c, d; q, t) is symmetric in the four parameters a, b, c, d. The evaluation 
formulas for Macdonald-Koornwinder polynomials are given by 



JL (abt n ~\ act n ~\ adt n ~\ q^abcdt 71 ^; q) 



A, 



(6.2) 

x 



,, , (q-^abcdt 2 ^; q) ^(at^)^ 
H (q- l abcdt 2n -i- k ;q) x (t k -i;q). 



l<j<k<n \^ '^/Aj+A fc V '^/Aj-A fc 

for A G A n . The evaluation formulas (16.21) have been established by van Diejen [3] for a 
sub-family of Macdonald-Koornwinder polynomials. The general case follow from Sahi's 
[24] results using double affine Hecke algebras, see also [281 Remark 9.5]. 
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In the rank one case (n — 1), the Macdonald-Koornwinder polynomials do not dependent 
on t and reduce to the monic Askey- Wilson polynomials 

(ab,ac } ad;q) m / q m ~ l a bcd } az } az' 1 , r _ 



In particular 

(ab,ac,ad;q) 

P m (a) = — ^ , m e Z+, 

V ; a m (q m - 1 abcd;q) m 

which is in accordance to (16. 2\i . 

We give here a purely algebraic formulation of the quadratic norm evaluations for the 
Macdonald-Koornwinder polynomials, which has the advantage that we do not need to 
specialize the parameters a, b, c, d, q and t. We define an E-linear functional 

h K = hf***"'* : ^[z ±l ] w -> E 

by requiring 

'l, if A = 0, 

0, if A ^ 0. 

An analytic definition of Hk can be given (for specific Zariski dense choice of parameters) 
as an integral over a deformed compact n-torus with explicit weight function, see e.g. [TB] . 
We define now a sesqui-linear form (•, -)k = (•, •)#• ' c ' on E[z ±1 ] w/ by 

(6.3) (Pi,P2)k = h K (p 1 (z)p 2 (z)), pi^aGE^T. 

where complex conjugation on C is extended to an anti-linear algebra involution on E[z ±x ] 
by requiring the six parameters a, b, c, d, q, t to be formally real, e.g. a — a, and by requiring 
the variables Zj to be formally purely imaginary, z] = zj . The orthogonality relations for 
the Macdonald-Koornwinder polynomials are now given by 

(6.4) (Px,P,) K = N K (X)5 x>fl , VA,/xGA n , 

with the quadratic norms N K (X) = N K (X;a,b,c,d;q,t) given by N K (X) = N^(X)N^(X), 
where N^(X) = N^(X; a, b, c, d; q,t) eE are 

™ (abt n -\ act n ~\ adt n ~\ q^abcdt 11 ^: q) , 

tl {q-^abcdt^-q)^ 

X 1</<L (^ 1 ^ 2n ^^)A 3+ A fc (^"^)A J -A fc ' 



JL (gt n "\ bct n ~\ bdt n ~\ cdt^ 1 ; q) 

^(A)=n— 



A, 



x TT 
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The quadratic norm formulas have been established by van Diejen [3] for a sub-family of 
Macdonald-Koornwinder polynomials. The general case has been derived in [24J, see also 

EE1. 



6.2. Multivariable little g-Jacobi polynomials. We now return to the multivariable 
little g-Jacobi polynomials P\{z) = P\(z; a, b; g, t) from Section [2j We first shortly discuss 
evaluation formulas for one- variable little g-Jacobi polynomials (n = 1), in which case 
the evaluation formulas can be derived directly from the explicit expressions of the little 
g-Jacobi polynomials as basic hypergeometric series. In fact, the monic one- variable little 
g-Jacobi polynomial is independent of t and is given explicitly as 

pL ( s _ OfogL , (q- m ,q m+1 ab,qbz 

m[ ) ( q m+1 ab;q)Jqb)^ <p2 { qb, ^ 



(q m+1 ab;q) m K r V ^ 

for m G Z+, see e.g. [13]. Here the second equality follows from [H (III. 7)]. From the 
second equality in (16.51) we obtain 

(6.6) p^(o) = v ga6 ;^ m (-i) w g^-i) j 

{l ab ^)2m 

From the first equality in (16.51) and the g-Vandermonde sum 



(6.7) 2 0x r ' ;g,g = V , Jm a m 



q m ,a 



c 



(c/a; g) 



for m G Z + (see [H (II. 6)]), we obtain 

(6.8) ^(1)= 7'^ ro (g ro a) w - 
Finally, from the first equality in (16.51) we obtain 

(6.9) P^(g- 1 6 



i ; — i , (qb,qab;q) 



(qab; q) 2m (qb) m ' 

In the following theorem we give the multivariable analogues of the evaluation formulas 
d55J, (iU) and l|6\9|l . Define A A = A x (a,b;q,t) by 

(6,0) A x (a,b;q,t) = II ^ ^ g — , VAgA. 

Theorem 6.1. For A 6 A n we /lave i/ie evaluation formulas 

( , n) ft^n^i,,)^, 
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n (abt n ~ i aabt 71 ^- a) 

(6 ,3, Pi^-H-n = ^y^^-f. 

f=l W Q ^ 2(n 

Proof. The evaluation formulas depend rationally on the parameters, hence it suffices to 
prove the theorem for a suitable choice of Zariski dense complex values of the parameters 
a, b, q and t. The proof now uses the explicit limit transitions from Macdonald-Koornwinder 
polynomials to multivariable little g-Jacobi polynomials from |29j and [27]. The key ingre- 
dient is the following result from the proof of [27, Theorem 6.4]. Let X,fi £ A n such that 
ji < A. Then 

(6.14) Um(g~3e) |A| ~ H c A)/i (e _1 g5 , - gi , efeg 2 " , - q \ ■q,t) = c^( a, 6; g, t) 

for the coefficients c A . M (16.11) and c% (12.11) in the monomial expansions of Pa and Pjp, where 

g 2 " is an arbitrary choice of square root of q. 
Proof of (16.111) . Observe that 

(6.15) lime |A| m A (2) = m A (0), VA £ A n , 

since both sides are equal to zero if A £ A ra \ {0} and are equal to one if A = 0. Combining 
( IBTTj) . fl2~T|) . (16TT4D and (I6TT5]) now yields 

(6.16) \im(q-h) W P x (z;e' 1 q^-aq^ebq^-q^;q,t) = Pf(0; a, 6; q, t) 

for A £ A n . By the evaluation formula (16. 2p for the Macdonald-Koornwinder polynomial 
P\ and using that the Macdonald-Koornwinder polynomial is symmetric in a, b, c, d, we 
have 

/ —I \ |A| / I „ _i I 1,1 I \ 

(g 2 e) P A (— aq 2 t p ;e g 2 , — ag 2 ,eog 2 , — g 2 ; g,i) 

" (qat n ~\ — qabt n ~ l e, qabt n ~\ — qat n ~ l e~ x \ q) . e Xi 

= A A (a, 6; g, i) TT - x ^— . 

£J (ga^(n- l);g ) 2Ai (-agt«-) Al 

Combined with the limit transition (I6.16p . specialized to z = —aq^t p , we obtain the eval- 
uation formula (16. lip for the multivariable little g-Jacobi polynomial Pjp. 
Proof of (16.121) . Now we use the degeneration 

(6.17) lime |A| m A (e~ 1 2) = m x (z), VA £ A n 

for the monomial bases. Together with (16. 141) this yields the limit transition 

(6.18) lim(g _2l e)' A 'p A (g^e~ 1 2;; e _1 g5, — ag5, e&g 2 ", —q^;q, t) = P\{z\ a, b; g, t) 
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for A G A n , which is in accordance with [271 Theorem 6.4]. By the evaluation formula (16. 2p 
for the Macdonald-Koornwinder polynomial Pa we now have 

(q~h) W P X (qh~H p ; e -1 g^ -aq^,ebq^, -q*;q, t) 

" (-qat n - i e-\-qt n - i e-\qbt n -\qabt n - i ;q), e 2A * 

= A A (a, b; q, t) TT - x ^ . 

t\ (qabt^);q) 2Xi (qt"-f> 

Combined with the limit transition (I6.18p . specialized to z — t p , we obtain the evaluation 
formula (I6.12p . 

Proof of (16.131) . We now use the limit transition 

(6.19) lime |A| m A (e;z) = m A (^ _1 ), VA G A n . 
Together with (I6.14p this yields 

(6.20) \im(q~^e) ^P\(q~^ez; e _1 g^, —aq^,ebq^, —q^;q, t) = P^z^ 1 ; a, b; q, t) 

e— >0 

for A G A n . By the evaluation formula (16. 2p for the Macdonald-Koornwinder polynomial 
P A we now have 

(q~^e)^Px(ebqH p ; e _1 g^, —aq^,ebq^, —q^;q, t) 

^(qbt n -\qabt n -\-qbt n -^,-qabt n -*e ]q ) x Xi 
= ^,M,t)II (qabt^q) 2X ' 

Combined with the limit transition (I6.20p . specialized to z = qbt p , we obtain (16.131) . □ 

The quadratic norms Nl(X) = Nl(X; a,b; q,t) G E of the multivariable little g-Jacobi 
polynomials have been explicitly evaluated in [27J. It reads 

N L (X) = q ( - x ^a\ x k 2 ^N+(X)N£(X), 

where the factors N^(X) = N L (X; a, b; q, t) G E are given by 

N+(X) fr ^.^ij tt (^^-^^) Aj+Afc (^-^^) Aj _ Afc 
" 11 (qabt^.q)^ J}^ (qab^-i-*;q) Xj+Xk (t*-i;q)^_ Xk ' 

n-(\) fr &^^k n ( g2a6t2w " J "" fc " 1;g )A J+ A fc (^- J '- 1 ;g)A J -A fc 

L 11 ( g W(-);g) 2Ai ^11^ (fabt^- k;q ) Xj+ J qtk -J;q) Xj _ Xk 

We recall from [27] that 



(6.21) lim(g 2 e ) 2|A| A^(A; e V , -aq* , ebq^ , -ql ; q, t) = N L (X; a, b; q, t), VA G A r 



for generic specialized parameters. 
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6.3. Multivariable big g-Jacobi polynomials. We repeat the techniques and argu- 
ments of the previous subsection to derive evaluation formulas for multivariable big g-Jacobi 
polynomials. The monic multivariable big g-Jacobi polynomial 

P*(z)=P*(z;a,b,c,d;q,t)e E[z} s 

of degree A G A n is of the form 

(6.22) P*(z)=m x {z) + c l^i z ) 

jU6A:/i<A 

for certain coefficients = cf (a, b, c, d; q, t) G E. Similarly as for the Koornwinder 
polynomials and the multivariable little g-Jacobi polynomials, the multivariable big q- 
Jacobi polynomials can be characterized by a second-order difference equation they should 
satisfy, or in terms of suitable orthogonality properties, see [25]. The characterization as 
solution of a difference equation is P>bP\ — E\ P^ with 

n 

Db = ^ (/.';,,( :)(•/} - Id) + 0,^(^1) ; - Id)), 

3=1 

C x , d \ t-i- Zl — tZj 



%{z) = qt n -\a - — ) (b + — [[ 

^3 ^3 l^Lj *"3 *l 



We again consider the evaluation formulas for the one- variable big g-Jacobi polynomials 
(n = 1) first. The one-variable monic big g-Jacobi polynomial is independent of t and is 
given explicitly as 

rfi o^ p b (A _ (qa,-qad/c;q) m f q~ m ,q m ^ab,qaz/c 

(6 - 23) Pm{z) - (q^ab;q)Jqa/c) m3<l)2 { qa,-qad/c >™ 

for m G Z_|_, see e.g. [2]. We immediately obtain from (I6.23P the evaluation formula 

(roa\ db/ / \ {q a ^q ad l^q) m( , 

(6-24) P£(c qa) = T—n—\ (c/ga) 

(q m+1 ab; q) m 

for m G Z + . A straightforward computation using (I6.23j) and the g-Vandermonde formula 
( 16. 7p yields the two evaluation formulas 

_ (gq,gafe, -qbc/d; g) i m(m _ 1} 

(6 25) (g ;g)2m 

= (-^/c, g 6, g a6; g ) m 
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for m G Z + . Finally, by the g-Saalschiitz sum 

(6 ' 26) 302 W-/cJ^) = (c,c/ab ]q )J m Z+ 

(see [HI (11.12)]) we obtain the evaluation formula 

( 6 .27) p*mm) - ^^ (^r 

(906; g) 2m 

for m G Z + . In the following theorem we give the multivariable analogues of the evaluation 
formulas (16.241) . (16.251) and (16.271) . Recall the explicit expression A A , defined by (I6.10p . 

Theorem 6.2. For X e A n we have the evaluation formulas 

(6.28) P x B (cn = A A J] ^d\^^\ 

n f qht n-i qaot n-i qad t n-i \ 

(6.29) = A A J] TT^H ^HO V*^, 

" (gar- i ,ga6r- i ,-2^t"- i ;g) A c 



(6.30) Ff (— r") = A\ TT ' ° " '^ A< (—**-") Al 



(6.31) 



d JL (qbt n - i ,qabt n - i ,- 3 Tt n - i ;q). A , 

Al <?6 >~ X l\ (qabt^-i) ;q ) 2y \ qb l > ■ 



Proof. The proof is analogous to the proof of Theorem 16.21 so we only indicate the main 
steps. From (the proof of) [271 Theorem 7.5] (replacing the role of the limiting parameter 

e in [27J, Theorem 7.5] by (cd/q) 2 e), we obtain the two limit transitions 

(6.32) hmel A lp A (e^z; ce~\ -de' 1 ; q, t) = P*(z; a, b, c, d; q, t), 

(6.33) \ime lxl P x (ez;—,- ( ^,ce' 1 ,-de' 1 ;q,t) = P? \z~ l ; a, 6, c, d; q,t) 
e^O V c a / 

for A G A n and for a specific Zariski-dense subset of specialized parameters a, b, c, d, q and 
t. If we set z = e~ x ct p (respectively z = —e^df) in (16.321) and use the evaluation formula 
(16. 2p for the Macdonald-Koornwinder polynomial P\, then we arrive at the evaluation 
formula f!6.28j) (respectively (16.291) ). The evaluation formulas (I6.30j) and (I6.3ip follow from 
( 16. 2j) and the limit transition ( 16.331) specialized to z = ^ t p and z = — ^ t p , respectively. □ 
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We end this section by recalling the quadratic norm evaluations of the multivariable big 
g-Jacobi polynomials from [27J. We define an E-linear functional 

h B = hf' ^ : E[z] s -> E 

by requiring 

if A = 0, 



if A ^ 0. 



An analytic definition of h B can be given for specific Zariski dense choice of specialized 
parameters as a multidimensional g-integral with explicit weight function, see e.g. [27] . 
We define a sesqui-linear form (-, -) B — (-, -)g ' c ' ' <?,i on E[z] s by 



(6.34) (p 1 ,p 2 ) B = h B (p x {z)p 2 {z)), Pl ,p 2 eE[z] s , 

with the same convention on the complex conjugation as for the multivariable little g-Jacobi 
polynomials. The orthogonality relations for the multivariable big g-Jacobi polynomials 
are now given by 

(6.35) (P A B P*) B = N B (X)5 XilM VA,^gA„ 
with the quadratic norms Nb(X) = Nb(X; a, b, c, d; q,t) G E given by 

qbc^ qad j 

v i=l 



N B (X) = (cd)^ n^(-^--^r-;g)J N^(X)N£(X), 



with N= = Nf; (a, b; q, t) the same factors as for the multivariable little g-Jacobi polyno- 
mials. We recall from [271 that 



(6.36) hmS^N K (X;—,-^-,ce~ 1 ,-de~ 1 ;q,t) = N B (X;a,b,c,d;q,t), X G A„, 

e->0 C d 

for generic specialized parameters. 



7. Generalized dimension formulas 

In this section we consider the generalized dimensions D q (X; a, b; t) (see ( 12. 4p ) in detail. 
We suppress the dependence on the parameters a, b and t as much as possible, so we write 
D q (X) = D q (X;a,b;t). We will show in Section M that D q (X) for specialized parameters 
gives the quantum dimension for the irreducible spherical representation V£ (A G A„) 
associated to the standard quantum complex Grassmannian. The degeneration (g = 1) of 
the quantum dimensions yields the complex dimensions of the irreducible .M-spherical JC- 
representations associated to the complex and real Grassmannian, see Subsection 14.21 The 
degeneration (g = 0), which corresponds to the dimensions of the irreducible A^p-spherical 
/Cp-representations V® for F non- Archimedean (see Subsection 14. 3[) is analyzed in detail in 
Subsection 17.21 
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7.1. Generalized quantum dimensions. We begin by giving an explicit expression for 
the generalized dimension D q (X). 

Lemma 7.1. We have 



D q {\) = a-\ x k- 2{p ^ Y[ v^; q) Y[ w+ k {\ 3 + A fc ; q)wj k {\ J -X k ;q), A G A n , 

i=l l<j<k<n 

where Vi(m; q), w^ k (m; q) for m G Z + are given by 

(at n ~\ q^abr-t; q) (1 - q 2m ^abt 2 ^) 



Vi(m; q) 
w+ k (m; q) 
wj k {m- q) 



{qt n ~\ bt^; q) m (1 - q^abt 2 ^)) ' 
(q- 1 abt 2n -t- k+1 ; q) m (1 - q^abt 2n ~^ k ) 
(abt 2n ~3~ k - 1 ;q) m (1 - q- l abt 2n -^ k ) ' 



{qt k -i-\q) m (1 -**-'') 



Proof. This follows from a direct computation using the evaluation formulas and the qua- 
dratic norm formulas for the multivariable little g-Jacobi polynomials. □ 



The explicit expressions for the generalized dimensions associated to the fundamental 
partitions u r G A n (r = 0, . . . , n) simplify drastically. 

Proposition 7.2. For r = 0, . . . , n we have 

(qabt 2n - r - 1 ,t n+1 - r , at n ~ r , abt 2n ~ r ; t) (\- abt 2n - 2r - 1 \ , ^ Q , 

(7.1) DJcUr) = ^ -. - — - : a- r t r{r+1 - 2n \ 

y ! qy 1 (q,t,bt n - r ,abt n - r - 1 ;t) r \ 1 - abt 2n ~ l ) 

Proof. Note that 

\u r \ = r, 2(p, uj r ) = r(2n — r — 1). 

By Lemma [7.11 we thus obtain 
(7.2) 

r r n r n 

D q M=a-^ +l - 2 ^ 1 [[v l {l-q) J] w+ k (2;q)H J] w+ h (l;q)H J] wj^q). 

i=l l<j<k<r j=l k=r+l j=l k=r+l 
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By direct computations we obtain the explicit expressions 

(at n ~ r , q- l abt n - r ] t) r (qabt 2n ~ 2r ; t 2 ) r 

, =1 ^ ^ = ( q t-~r,btn-r ; t) r (q^abt^. t 2^^ 

-j-j- + (abt 2n ~ r ; t) r (q- 1 abt 7n - 7r , qabt 2n ~ 2 '- x ; t 2 ) r (1 - afe 2 ™™ 2 ^ 1 ) 

i<j<k<r W ~ {l~ labt2n ~ 2r , qabt 2n ~ 2r -\ abt 2n ~ 2r ~ l ] t) r (1 - abt 2n ' 1 ) ' 

(7.3) ^ ^-l afet 2„-2r )a6t 2n-2r-l. t ^ 

11 11 ^(i;?) = ( q -l abt n-r jabt n-r-l A "> 

n n (t ; t) r - 

i=lfc=r+l \h1^) r 

Only the second formula needs explanation. Set 

/l — ut 1 ^^ k 

e ^ t)= n ^ i _ ut - s -k 

l<j<k<r v 

then we can write 

Yl w+ k {2; q) = e r (g- 1 a6t 2n )e r (a6t 2n )e r (a6t 2n - 1 )e r (ga6t 2n ~ 1 ) 

l<7<fc<r 

On the other hand, by induction to r 6 {1, . . . , n}, 



e r (-u; t) 



Combining both formulas we easily obtain the desired expression for rii<j<fc<r w ~jk& *?)• 
The lemma now follows by substituting the expressions (17.31) in (17.21) . and by simplifying 
the resulting expression. □ 

As a curiosity, note that the elementary identity 

allows us to rewrite ( 17. II) as 

, {t~ n , a-H 1 -", a- l b-H l - 2n , q-^b-H 2 -^- 1\ ( \ - ar^H^^_ \ , 2n _ iy 

q[UJr) (t iqi b-H^ } a-^b-H 2 —,t) r \ l-a-W^ )y qat ) 

for r = 0, . . . , n, which one recognizes as the weight function for t-Racah polynomials, see 

e.g. m. 
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7.2. Generalized p-adic dimensions. In this subsection we consider the p-adic degen- 
eration of the generalized quantum dimension D q (\) and we relate it to the complex di- 
mension of the Alp-spherical irreducible /Cp-representation Vf for non- Archimedean local 
fields F (see Section H]). Denote 8 k ,i (k,l G Z) for the Kronecker delta function: it is one if 
k = I and zero otherwise. 

Lemma 7.3. The functions Vi(m;q), w^ k (m;q) (see Lemma \7. ip form E Z + are regular 
at q = 0. If we write Vi(m) = Vi(m; 0) and wf k (m) = wf k (m; 0) for their constant terms, 
then Vi(0) = wf k (0) = 1 and 

Vi(m) = ( T — I— ) - (1 - 5 mtl )abt^). 

wjdm) = ; — — 

for m > 1 . 

Proof. As an example, we compute Vi(m) for m e Z>! (the other computations are similar). 
To compute fj(l) we rewrite Vi(l;q) as 

. ' 1 - qabt 2 ^-^ \ ( 1 - at n ~ { \ ( q - abf 

Vi{l;q) 

which yields 



1 - bV 

I — ao j-2n-j-k+l-8 m ^ 

1 - abt 2n -i- h - 1 

1 - t k - j+l 



1 - qt n - { J V 1 - bt n - { ) \q- abt 2 ( n ~^ 
1 - at 71 ' 1 



Vi{\) =«i(l;0) 



1 - bt n - % 

To compute Vi(m) for m > 2 we write fj(m; g) as 

'(1 _ q 2m-l abt 2(n-i)^ gat n-i. ^ (qabtf 1 ^] q) 



Vi(m; q) 



m—2 



X 



1 - fa n ~*) J \q- abt 2 ( n -V 



which yields 



1 — at n ~ l ' 

Vi{m) = Vi{m; 0) = ( ^ _ ^— ) f~ n (l - aiO, m > 2. 



□ 



Proposition 7.4. Let A G A„. JTie generalized quantum dimension D q (\) (see (12.41) ) is 
regular at q = 0. Writing D (X) = D (X; a, b; t) for D q (X; a, b; t)\ q=0 , we have 

n 

D (A) = o-l A lr 2 ^JIi;i(A 4 ) J] wf k (Xj + X k )wT k (Xj - X k ), X e A n . 

i=l l<J<fc<™ 
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Proof. This is immediate from Lemma 17.11 and the previous lemma. □ 
Example 7.5. For n = 1, so that = Z + , we have D (0) = 1 and 

A>(A) = a- x (j^) (1 " (1 " Sx,i)ab) , A > I. 

In contrast to the quantum case, the explicit expression for .Do (A) = Dq(X; a,b;t) from 
Proposition 17.41 simplifies for all partitions A G A n as follows. 

Theorem 7.6. For A G A n we have 

(at^-t) x , (abt^-^;t) x , +x , (l _ aU ^ K -i 



(7.4) D (X) = a-Wt 



A].-2(p,A) 



n 



t {bt n - x 'i,abt n - x 'i- l ;t) xl 



abt 



2n-l 



As remarked already in Subsection 14.31 the generalized p-adic dimension formula (I7.4p 
combined with its representation theoretic interpretation (I4.14p from [23] leads to the 
explicit dimension formulas (14.131) for the irreducible .Mf-spherical /Cp-representations V® 
(A G A n ). 

Corollary 7.7. For r — 0, . . . , n we have 

(t n+1 ~ r , at n ~\ abt 2n ~ r ; t) (\- a bt 2n - 2r ~ l \ , ^ „ , 

(7.5) D Q (u r ) = , - . a-rffr+i-to) 

V ' K ' (t,bt n - r ,abt n - r - 1 ;t) r V l~abt 2n - 1 J 

Proof. Follows either by specializing Theorem l7.6l to A = u r , or by taking q = in (17. ip . □ 

We next proceed to prove Theorem 17.61 which is based on the expression for -Do (A) as 
given in Proposition 17.41 We divide the proof into several elementary lemmas. Since the 
theorem is obviously correct for A = 0, we fix for the proof a nonzero partition A G A n . 

Lemma 7.8. 

fr r(A) A^- ^-^^^K 

Proof. Using the explicit expression for Vi (see Lemma 17.31) . we have 

n*w=n(i^pW-<*~) n n ~ at ' 



' 1 i=l v ' i=A!,+l 

Xl /I _ n +n-i\ ^ 2 



1 - bt n ~ 



i=l s / i=l 

(«»-', ;i) A , 

as desired. □ 
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Lemma 7.9. 



n w i,k( x i - a ^ 

l<j<k<n 



n 

dX> 



Proof. Since tu- fc (0) = 1 and Wj k (m) = 1 1 ^ fc _j 1 for m ^ (see Lemma ITUl) . the term 
wj k (\j — Afc) contributes to the product only if Xj ^ A*.. Hence 

II wJfifri-*k)=A/B, 

l<j<k<n 



with 



B 



11 11 (i-t i ) n - 1 [nit ' 

l<j<k<n 1=1 V ' 

1 _ +k— j+l 1 _ fk-j+1 

n 1 r I ?=r=n n ^r-nw-^. 

l<j<A;<n «>0 l<i<fe<A;-A; +1 l>0 

Aj =Afe 



as desired. □ 
Lemma 7.10. 

Proof. The term w^ k (m) has three possible values depending on m being 0, 1 or > 2 (see 
Lemma [7. 3p . We are hence led to consider the following sets 

Xx = {(j, k) | 1 < j < k < n, Xj + Afe = 1} = {(j, k) | A' 2 < j < X[ < k < n} 

X 2 = {{j, k) 1 1 < j < k < n, Xj + Afc > 2} = X a 2 U X b 2 , 
where the disjoint subsets X 2 and X\ are given by 

X a 2 = {(j,k) | 1 < j < k < X[}, X\ = {(j,k) \l<j< X' 2 , X[ < k < n}. 
We then have 

II W U\ + a*) = n(x 1 )n(x 2 a )n(x 2 b ) 

l<j<k<n 

where we write IT(X) = Yl(j k)ex w tk( X i + ^fc) for a subset X C {(j, k) | 1 < j < k < n}. 
We have 

K 



mi) = t ^-^ n n 

i=A^+l fe=A' 1 +l V 7 

_ ^n-AiXAi-Aj) TT ( 1 - abt ) = t (n-Ai)(Ai-^)^ ;V i~ A 2 

,_w A A l-aftt"--'- 1 / (a6t"- A i- 1 ;t) A/ _ A , 



j=A'+l 
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Using the same notations and simplification arguments as in the proof of Proposition 17.2 
we have 



We can now use Proposition \7A\ Lemma \7.S\ Lemma 17.91 and Lemma 17.101 to obtain 
an explicit expression for the generalized p-adic dimension Dq(X). After straightforward 
simplifications, we arrive at the desired expression (17.41) for D (\). 

8. The one-parameter family of quantum complex Grassmannians 

In this section we consider the one-parameter family of quantum complex Grassmannians 
from |20j, [5] and [22] (see also [XT] for the general theory of harmonic analysis on quantum 
compact symmetric spaces) . This more general set-up does no longer fit into the framework 
of quantum Gelfand pairs associated to CQG algebras as discussed in Section [31 since the 
role of the quantum subgroup is replaced by a suitable infinitesimal counterpart, depending 
on an additional continuous parameter. 

In [20] and [5J harmonic analysis on the one-parameter family of quantum complex Grass- 
mannians was studied in detail, leading to the interpretation of Macdonald-Koornwinder 
polynomials and multivariable big and little g-Jacobi polynomials as the associated quan- 
tum zonal spherical functions. From these results we now derive representation theoretic 
interpretations of the evaluation formulas and norm formulas for Macdonald-Koornwinder 
polynomials and multivariable big and little g-Jacobi polynomials. The arguments fol- 
low closely [T91 Section 6], now applied to the one-parameter family of quantum complex 
Grassmannians. In this more general context we discuss the quantum dimension formu- 
las for irreducible spherical representations in terms of quantum zonal spherical functions. 
The analysis leads to the quantum dimension formulas (15.51) and (15.61) for the irreducible 
^-representations V® (A G A n ). 

We now first recall the construction of the quantum zonal spherical functions on a one- 
parameter family of quantum analogues of the complex Grassmannian JC/A4. We will 
freely use the notations from Section The role of the subgroup A4 is taken over by a 
two-sided co-ideal t a C U q depending (in a suitable sense continuously) on an additional 
parameter a G M U {oo}, see e.g. [20], [5] for the explicit definition of t a . The case a = oo 
corresponds to the standard quantum complex Grassmannian from Section [5j 

The space of ^-invariants in C g (/C), 




By a similar computation as for IT(Xi), we finally have 




Combining these expressions leads to the desired result. 



□ 



C°{K./M) := {/ G C q (JC) I f{YX) = 0, VX 



el, vy eU q } 
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is a Wg-sub module of C g (/C) with respect to the regular W q -action 

(xf)(x') = f(s(x)x'), /gc;(ic/m), x,x'eu q . 

The Wg-module C°(fC/M) serves as a one-parameter family of quantum analogues of the 
Grassmann representation C(K/A4). Furthermore, C^°(/C/.M) is the Grassmann represen- 
tation C q (JC/Ai) associated to the standard quantum complex Grassmannian from Section 
El The space 

(L^ = {v e Ll \Xv = o, VleU 

for n G P£ serves as the one-parameter quantum analogue of the space of .M-flxed vec- 
tors in L^. The subspace {Lfy ia is one-dimensional or zero dimensional, and it is one- 
dimensional if and only if \i G A^. Consequently, the irreducible spherical representations 
= L\ (A G A n ) associated to the standard quantum complex Grassmannian also serve 
as complete set of representatives of finite dimensional, irreducible ^-representations with 
nonzero (in fact, one-dimensional) space of {^-invariants. From the Peter- Weyl decompo- 
sition for C g (/C) we obtain the irreducible decomposition 

C q {K/M) * V« 

AeAn 

as Wq-modules. Furthermore, for /i G P£ we recall from [5] that 
cf. Subsection 15.21 

We fix generic <t,t G R unless specified differently (the case a = oo and/or r = oo will 
subsequently be analyzed as degeneration of the theory for cr, r G E). For A G A n we 
choose a nonzero t^-fixed vector v a (X) G (V^) ta which we normalize by requiring 

^(A) = J% CT (A; z/), v a {\] A^) = U\t\ , 

where v a (\; v) G V£ is the weight v component of v a {X) in V£ and u X b is the highest 
weight vector of = L\\ (it is known that t> CT (A) has a weight A^ component, hence such 
a normalization is possible) . From the analysis in [5j Section 6] it furthermore follows that 
iy^j " is spanned by K~ s v a+ d-2n(^) for A G A n (see also [22] for the special case d = In). 

The normalized quantum zonal spherical functions (f^ T (cr, r G M.) associated to the 
one-parameter family of quantum Grassmannians are now defined by 

(8.1) ^r(0-^ > ( '^ (A) f" V+ r 2n(A))A ; A G A n . 

The ip^ T (A G A„) form a basis of 

n a , T := {/ g c q (K) | f(YZ) = o = f(zx), z eu q , x g Y G K}- 

The analogue of the quantum dimension formula H5.4[) in terms of the quantum zonal 
spherical functions y?^' T (A G A n ) reads as follows. 
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Lemma 8.1. For A G A n and generic a, r G R we have 

a,a+2n~d / K 5\ r+d-2n,r / j^n 

(8-2) Dim ? W) = ^ ^2. 

Proof. By the quantum Schur orthogonality relations (see Proposition 13.3b ) we have 

where \\v\\\ := (v,v)\. On the other hand, from the definition (18.11) of the quantum zonal 
spherical function ip^ T we have 

(8.4) ^ +2n ~ d (K s ) = g<^>. 

II M A* IIa 

The desired quantum dimension formula follows directly from (18. 3p and (18. Ah . □ 

To arrive at an explicit evaluation of the quantum dimensions, we now translate (18. 2\\ into 
an expression involving the evaluations and the quadratic norms of Macdonald-Koornwinder 
polynomials. 

The radial part P^' T := Res^ (y^' 1 ") £ C[u ±1 ] is defined to be the unique Laurent poly- 
nomial in d independent variables u\, . . . , Ud such that 

Px' r i<f) = VY{K V ) V^eZ d . 
We have the following key facts from [20], see also [5] and [22]. Set Zj = UjU^ +1 _j (j = 
1, . . . , n), then 

P A CT ' T G C\z ±l ] w , VA G A n , 
where W = S n k {±l} n as before. From now on we will view P^' T as ^-invariant Laurent 
polynomial in the independent variables Zi, . . . , z n . The key result is the identification of 
P^ ,T with Macdonald-Koornwinder polynomials, 

(the particular normalization of ip^ T ensures that it precisely coincides with the monic 
Macdonald-Koornwinder polynomial). We denote (',') fftT for the corresponding orthogo- 
nality pairing (16. 3p . with the six parameters (a, b, c, d, q, t) specialized to 
(-q°+-+\ -q-°- T+ \ q°- T+ \ q -+r+2(d-2n)+l ^ ^ q 2y 

We set ||p||ctt = (PiP)a T f° r ^e corresponding quadratic norm of p G C[,2 ±1 ] l4/ . 
Lemma 8.2. For A G A n and generic a, r G R we have 

V?(K S ) = P^(q d ~ 2n+1 q 2 n, 

yrwi = K'llr- 

In particular, 

r>a,o+2n-d/ d-2n+l n 2p\ r>T+d-2n,T / d-2n+l n 2p\ 

(8.5) Dimq (y«)=L± W_ Q I? 9 J 



I P°"' T I|2 
I A No-,7- 
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Proof. Observe that u = q s G (]R x ) a! maps to z = q d - 2n + 1 q 2 P g (M x ) n under the assignment 
Zj = UjU^l 1 _j (J = 1, . . . , n). By the definition of P X ' T as the radial part of ^ ' , we obtain 
the desired expression of tp^ T (K s ) in terms of Macdonald-Koornwinder polynomials. The 
quadratic norm formula follows from [5J Corollary 8.1]. The quantum dimension formula 
<1Q) then yields IKEh . □ 

We are now in a position to derive the explicit quantum dimension formulas for the 
spherical ^-representations V£ (A G A„). 

Corollary 8.3. Proposition \5.3\ holds. 

Proof. Observe that the value of the Macdonald-Koornwinder polynomial 

]D cr,a+2n-d { \ _ p / 2a+2n-d+l ~2a-2n+d+l d-2n+l d-2n+l. „2 2\ 

r x \ ) *x\ z i y j y ; y ; y , y > y 

at 2 = q d ~ 2n + 1 q 2 P can be evaluated in closed form by the evaluation formula (16.21) for 
Macdonald-Koornwinder polynomials. The resulting expression is 

pcr,(T+2n-d^d-2n+lq2p^ _ ^(2n-d-l)|A|-2<p,A) 

(1 _ q2(d-2n+l+\j+\ k +pj+pk)\f]_ _ g 2 ( A j- A fc+Pj~Pfc)) 



X 



n 



fl _ 2(d-2n+l+p J -+p fc )W 1 _ a 2( Pj -p k )\ 
l<j<k<n V * / \ ' 



X 



n ( 2(d-2n+l+ Pi ) 2(d-2n+l+ Pi ) _ n 2{a+l+ Pi ) _ 2(-a+d-2n+l+ Pi ) . 2\ 

n\H ih i y ) y ) y j x . 

fq2{d-2n+l+2 Pi ) q2\ ' 

On the other hand, by the closed expression (16.41) for the quadratic norms of the Macdonald- 
Koornwinder polynomials we have 

f q 2(l+ Pj ) 2(d-2n+l+ Pj ). 2\ 2 
a,T\\2 T T I i 



l^'X,r = II 



( n 2(d-2n+l+2pj) n 2(d-2n+2+2 Pj ) . n 2\ 

j=iivi ' y ' y ) 2Xj 

x (_g 2 ( CT + 1 +Pj) ; _ ? 2(-er+d-2n+l+p J -) j _ q 2(r+d-2n+l+ Pj ) ^ _ q 2(-r+l+ Pj ) ^2\ 
V ' ' / Aj 

Combining these explicit formulas with (18.51) we obtain an explicit expression for Dim q (V x ) , 
which results in Proposition 15.31 □ 

We end this section by considering the a —>■ oo and a = t — > oo degenerations in the 
above representation theoretic formulas. This in particular leads to the interpretation of 
D g (\;a, b;t) for special values of the parameters as quantum dimensions of V x 9 (A G A„), 
see ( 15.61) . 

In [5] the limit a — > oo (respectively cr, r — > oo) is considered, leading to the interpre- 
tation of the multivariable big g-Jacobi polynomials P x (-;l,q 2( - d ~ 2n \l,q 2T+2 ^ d ~ 2n ^;q 2 ,q 2 ) 
(respectively the multivariable little y-Jacobi polynomials P x {-\ q 2t ~ d ~ 2n \ 1; g 2 , q 2 )) as radial 
parts of quantum zonal spherical functions associated to the standard quantum Grassmann 
representation C£°(/C/.M) = C q ()C/A4). In these degenerations, the quantum dimensions 
Dim q (V x ) are naturally expressed in terms of the multivariable big and little y-Jacobi 
polynomials as follows. 
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Proposition 8.4. We have 

Dim q {V x )-{-q ) iVi? (A;l,g^-2n) )1;g 2. +2 ( d -2n). g2;g2) > V A G A n . 

Furthermore, in terms of the generalized quantum dimension D q (X; a,b;t) , see (12.41) . we 
have 

(pL(n 2{d-2n) i . 2 2\\ 2 

Proof. We degenerate the expression (18.51) of the quantum dimension Dim g (V r A 9 ) by taking 
the limit a — > oo (respectively cr = r — > oo). In order to parallel the particular degeneration 
scheme from [5], we make use of the elementary symmetry 

(8.6) Px{~z; -a, -b, -c, -d\ q, t) = (-1) |A| P A (2:; a, b, c, d; q, t) 

for the monic Macdonald-Koornwinder polynomials, which implies the symmetry 

(8.7) NK(X;—a,—b,—c,—d;q,t) — NK(X',a,b,c,d;q,t), A G A n 

for the corresponding quadratic norms (which also immediately follows from its explicit 
evaluation (16.21) ). Combined with the limit formula (16.361) in base q 2 , with parameters 
(a, b, c, d, t) specialized to (1, q 2( - d ~ 2n \ 1, g2r+2(d-2n)^ ^ an ^ £ _ ^a+r-i^ we ^ am 

lim g 2(CT+T - 1)|A| ||PrilL = N B (\;l,q^ d - 2n \l,q 2 ^ d - 2n ^,q 2 ,q 2 ), VA G A n . 

a— >oo ' 

On the other hand, from (16.111) and the explicit evaluation formula from the proof of 
Corollary 18.31 we obtain 

lim i-q 2 °) I Vf'^ 2 "- V~ 2n+ V P ) = g( rf - 2n+1 )l A IP A i (0; q 2 ( d ~ 2n \ 1; q 2 ; q 2 ), V A G A n . 

CT-^OO 

Taking the limit o —>■ oo in (18.51) now leads to the expression of the quantum dimension as 
mixture of factors involving Macdonald-Koornwinder, multivariable big and multivariable 
little g-Jacobi polynomials. 

Taking r = o in (I8.5P and using the fact that 

lim ( g - 1+2CT ) 2|A| il^'l^ = N L (X-q 2 ^ 2n \l-q 2 ,q 2 ), VA G A n 

in view of (16.211) . we similarly obtain the desired expression of the quantum dimension 
Dim g (V x 9 ) in terms of D q (X; a, b;t). □ 

Remark 8.5. By the arguments from [5] one can show that 

/ <T,cr+2n— d \ 

i™. I „ ^ + 2n-d„ 1 = <Pl X e A n 



a— »oo 



W\ \\h. 



in the pre-Hilbert space C g (/C), where 99' (A G A n ) are the (orthonormal) quantum zonal 
spherical functions associated to the standard quantum complex Grassmanian. Degener- 
ating (18. 2p accordingly, we obtain the quantum dimension formula (15. 4p . 



URI ONN AND JASPER V. STOKMAN 



References 

U. Bader, U. Onn, Geometric representations of GL(n, R) , cellular Hecke algebras and the embed- 
ding problem, JPAA (to appear), |math.RT/0411461| 

U. Bader, U. Onn, On some geometric representations o/GL„(C), math.RT/0404408[ 

J.-F. van Diejen, Self-dual Koornwinder-Macdonald polynomials, Invent. Math. 126 (1996), 319- 

339. 

M.S. Dijkhuizen, T.H. Koornwinder, CQG algebras: a direct algebraic approach to compact quantum 
groups, Lett. Math. Phys. 32 (1994), 315-330. 

M.S. Dijkhuizen, J.V. Stokman, Some limit transitions between BC type orthogonal polynomials 
interpreted on quantum complex Grassmannians, Publ. Res. Math. Sci 35 (1999), 451-500. 
C.F. Dunkl, An addition theorem for some q-Hahn polynomials, Monatsh. Math. 85 (1978), 5-37. 
P. Floris, Gelfand pair criteria for compact matrix quantum groups, Indag. Math. (N.S.) 6 (1995), 
no. 1, 83-98. 

G. Gasper, M. Rahman, Basic Hyper geometric Series, Cambridge Univ. Press, Cambridge (1990). 
S. Haran, "The mysteries of the real prime" , London Mathematical Society Monographs. New 
Series, Vol. 25, 2001. 

G. Heckman, H, Schlichtkrull, "Harmonic Analysis and Special Functions on Symmetric Spaces" , 
Perspectives in Mathematics, Vol. 16, 1994. 

G. Hill, On the nilpotent representations o/GL„(0), Manuscripta Math. , 82 (1994), pp. 293-311. 

A.T. James, A.G. Constantine, Generalized J acobi polynomials as spherical functions of the Grass- 

mann manifold, Proc. London Math. Soc. (3) 29 (1974), 174-192. 

C. Kassel, "Quantum Groups", Graduate Texts in Math. 155, Springer Verlag, 1995. 

R. Koekoek, R.F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials and its 

q-analogue, Report 94-05 (Delft University of Thcchnology, 1994). 

T.H. Koornwinder, Askey-Wilson polynomials for root systems of type BC, in "Hypergeometric 
functions in domains of positivity, Jack polynomials, and applications (Tampa, 1991), Contemp. 
Math. 138, Amer. Math. Soc, Providence, 1992, 189-204. 

T.H. Koornwinder, U. Onn, LU factorizations, q — limits, and p-adic interpretations of some 
q-hypergeometric orthogonal polynomials, Ramanujan J. (to appear), arXiv: math.CA/0405309 
G. Letzter, Quantum zonal spherical functions and Macdonald polynomials, Adv. Math. 189 (2004), 
no. 1, 88-147. 

I.G. Macdonald, Symmetric Functions and Hall Polynomials, Oxford University Press, 1979. 

M. Noumi, Macdonald's symmetric polynomials as zonal spherical functions on some quantum 

homogeneous spaces, Adv. Math. 123 (1996), 16-77. 

M. Noumi, M.S. Dijkhuizen, T. Sugitani, Multivariable Askey-Wilson polynomials and quantum 

complex Grassmannians, in: "Special Functions, g-Series, and Related Topics", eds. M.E.H. Ismail 

et al, 167-177, Fields Inst. Comm. 14, Amer. Math. Soc, Providence (RI), 1997. 

M. Noumi, H. Yamada, K. Mimachi, Finite-dimensional representations of the quantum group 

GL q (n,C) and the zonal spherical functions on U q (n)/U q (n — 1), Japanese J. Math. 19 (1993), 

31-80. 

A. Oblomkov, J.V. Stokman, Vector valued spherical functions and Macdonald-Koornwinder poly- 
nomials, Compos. Math. 141 (2005), no. 5, 1310-1350. 

U. Onn, From p-adic to real Grassmannians via the quantum, Adv. Math. 204 (2006), 152-175. 
S. Sahi, Nonsymmetric Koornwinder polynomials and duality, Ann. Math. (2) 150 (1999), 267-282. 
J.R. Stembridge, On minuscule representations, plane partitions and involutions in complex Lie 
groups, Duke Math. J. 73, no. 2 (1994), 469-490. 

J.V. Stokman, Multivariable big and little q-Jacobi polynomials, SIAM J. Math. Anal. 28 (1997), 
452-480. 



QUANTUM DIMENSIONS AND THEIR NON-ARCHIMEDEAN DEGENERATIONS 



41 



[27] J.V. Stokman, On BC type basic hypergeometric orthogonal polynomials, Trans. Amer. Math. Soc. 
352 (2000), 1527-1579. 

[28] J.V. Stokman, Koornwinder polynomials and affine Hecke algebras, Internat. Math. Res. Notices 
2000, no. 19, 1005-1042 

[29] J.V. Stokman, T.H. Koornwinder, Limit transitions for BC type multivariable orthogonal polyno- 
mials, Canad. J. Math. 49 (1997), 373-404. 

[30] T. Sugitani, Zonal spherical functions on quantum Grassmann manifolds, J. Math. Sci. Univ. Tokyo 
6 (1999), 335-369. 

Uri Onn, Einstein Institute of Mathematics, Edmond Safra Campus, Givat Ram, Jerusalem 
91904, Israel. 

E-mail address: urion@math . huj i . ac . il 

J.V. Stokman, KdV Institute for Mathematics, Universiteit van Amsterdam, Plantage 

MUIDERGRACHT 24, 1018 TV AMSTERDAM, THE NETHERLANDS. 
E-mail address: jstokman@science.uva.nl 



